Applying the notions called the panel structure and the paneled triangulation introduced by Negami et al. [Re-embedding structures of triangulations on closed surfaces, Sci. Rep. Yokohama Nat. Univ. Sect. I, Math. Phys. Chem. 44 (1997) 41-55], we determine all the numbers of inequivalent embeddings of triangulations on the torus, namely 1-6, 8, 10, 12, 14, 16, 24, 48 and 120. 
Introduction
In this paper, we shall deal with finite and undirected graphs which have neither loops nor multiple edges. Let G be a graph and F 2 a closed surface. The vertex set and the edge set of G are denoted by V (G) and E(G), respectively. We shall consider an embedding of G into F 2 , that is, a drawing of G on F 2 with no crossing. When we deal with two or more embeddings, it is convenient for us to think of them as maps from G to F 2 , regarding G as a topological space. Then an embedding f : G → F 2 is an injective continuous map which induces a graph isomorphism between G and f (G).
Let f, f : G → F 2 be two embeddings. They are said to be equivalent to each other, denoted by f ≈ f , if there exists a homeomorphism h: F 2 → F 2 with hf = f . They are called congruent to each other, denoted by f ∼ f , if there exists a homeomorphism h: F 2 → F 2 with h(f (G)) = f (G) which induces a graph isomorphism. It is obvious that f ≈ f implies f ∼ f , but the converse is not true in general. Roughly speaking, two congruent embeddings look the same if we neglect the labels of vertices. For example, let us consider the two embeddings of the complete graph K 7 on the torus as shown in Fig. 1 . (As usual, identify each pair of parallel sides of the rectangles to get the real tori.) Here we suppose that the seven vertices of K 7 have fixed labels 1, . . . , 7 and the label i in the figure indicates the image of the vertex of K 7 with label i by each embedding. They are congruent since we can take the map sending each point in the left to one at the same position in the right as a homeomorphism h. However, they are not equivalent because, for instance, the 3-cycle 126 bounds a face in the left but does not in the right.
Then the following problems arise naturally:
• How many inequivalent embeddings into a closed surface F 2 does a graph G have?
• What structure generates inequivalent embeddings of G? (Such a structure is often called the re-embedding structure of G.)
So far several results on them have been obtained in the cases when F 2 is the sphere (cf. [14, 15] ) or the projective plane (cf. [2, 3, 7, 10, 12, 13] ), but it is hard to answer the above questions for other surfaces. Nevertheless, there is a class of graphs whose re-embedding structures are relatively simple: the "triangulations" on closed surfaces.
A simple graph G is called a triangulation on a closed surface F 2 if it is embedded on F 2 so that every face is bounded by a 3-cycle and any two faces share at most one edge.Two triangulations G 1 and G 2 on F 2 are said to be isomorphic if there is a homeomorphism h : F 2 → F 2 with h(G 1 ) = G 2 . This is equivalent to the condition that there is a graph isomorphism : V (G 1 ) → V (G 2 ) such that a set of three vertices {u, v, w} forms a face in G 1 if and only if { (u), (v) , (w)} does in G 2 .
Lawrencenko [7] has already proved the following theorem, discussing the re-embedding structures of triangulations on the projective plane. [7] ). Every triangulation on the projective plane has precisely 1-4, 6 or 12 inequivalent embeddings.
Theorem 1 (Lawrencenko
So we would like to investigate triangulations on other surfaces. Especially we shall consider those on the torus. As for them, Lawrencenko [5] determined all the irreducible triangulations on the torus, which are 21 in number, and in [6] (also [4] ) he obtained the numbers of inequivalent embeddings which each of them has. Furthermore, he has already shown in [6] (also [1] ) that any triangulation on the torus has at most 120 inequivalent embeddings and the number is in fact less than or equal to 48, except K 7 which has 120 inequivalent embeddings (see also [8] ). Therefore, as the next step, we would like to know all the possible numbers of inequivalent embeddings which every triangulation on the torus can have.
To do it, we shall apply the notion called "panel structure" of a triangulation, introduced by Negami et al. [11] , defined as follows. Let G be a triangulation on a closed surface
A face bounded by such a 3-cycle is also called a panel of G. The set of panels of G is denoted by ℘ (G). The composite structure (G, ℘ (G)) is called the panel structure of G.
We shall prove the following theorem, which is our main result in this paper. In Section 2, we shall describe Negami et al.'s theory on the panel structure developed in [11] . In Section 3, we shall classify those triangulations that underlie the "panel-irreducible triangulations" on the torus. In Section 4, we shall investigate their panel structures and determine all the numbers of inequivalent embeddings which every triangulation on the torus has.
Panel structures and re-embeddings
In this section, we shall consider how we can obtain all the possible numbers of inequivalent embeddings which every triangulation on the torus has. Of course there exist infinitely many triangulations, so we cannot investigate all of them. However, Negami et al. [11] have established a theory which ensures that it suffices to examine a finite number of special triangulations. We shall review it below.
Let G be a triangulation on a closed surface F 2 with panels ℘ (G). A vertex v of G is said to be flat if every face incident to v is a panel of G. The graph obtained from G by removing all the flat vertices is called the frame of G and is denoted by Fr(G). The 2-complex induced by the panels ℘ (G) is called the panel complex of G, denoted by P (G). Suppose that G ℘ is saturated and that a triangulation G can be obtained from G by subdividing the panels in ℘ with vertices added inside them. Then we say that G ℘ presents the panel structure (G , ℘ (G )). It has been proved in [11] that the panel structures of triangulations presented by G ℘ are all equivalent. Define the equivalence over embeddings of a paneled triangulation G ℘ in the same way as for ordinary triangulations. It is clear that the number of inequivalent embeddings of G ℘ is equal to that of any triangulation whose panel structure is presented by G ℘ .
Let G ℘ be a paneled triangulation over G with panels ℘ and uv an edge of G ℘ . The contraction of uv is defined as a local deformation which shrinks uv and replaces the resulting pairs of multiple edges with single edges after removing all panels incident to uv from ℘. The edge uv is said to be panel-contractible if it satisfies the following two conditions:
(i) There is no 3-cycle containing uv other than those bounding the two faces sharing uv.
(If this holds, then uv is said to be contractible simply.) (ii) For at least one of u and v, say u, the faces incident to u are all panels in ℘. (In this case, u is said to be flat as well as for panel structures.)
We allow to contract only a panel-contractible edge uv. The paneled triangulation obtained from G ℘ by contracting uv is denoted by G ℘ /uv. If G ℘ has no panel-contractible edge, then G ℘ is said to be panel-irreducible.
It is easy to see the following facts, considering the regions which the panel complexes P (G ℘ ) and P (G ℘ /uv) occupy, respectively. Let G ℘ be a saturated paneled triangulation and uv an edge of G ℘ . If uv is panel-contractible, then G ℘ /uv is saturated and the panel structure which G ℘ /uv presents is equivalent to one which G ℘ does. On the other hand, if uv is contractible but not panel-contractible, then the panel structure presented by G ℘ and the one by G ℘ /uv are not equivalent. These facts imply the following theorem.
Theorem 3 (Negami et al. [11]). The panel structure of a triangulation on a closed surface F 2 is equivalent to one which a panel-irreducible saturated paneled triangulation on F 2 presents.
Furthermore, they have proved that there exist only finitely many panel-irreducible saturated paneled triangulations, up to isomorphism, for each closed surface. Therefore, if the list of panel-irreducible saturated paneled triangulations on the torus has been determined, then Theorem 2 can be proved in a finite process; it suffices to count their inequivalent embeddings although we might need tedious routines. From now on, we shall call a panelirreducible saturated paneled triangulation "a panel-irreducible triangulation" shortly, for the sake of convenience.
Panel-irreducible triangulations on the torus
In this section, we shall determine all triangulations which underlie the panel-irreducible triangulations on the torus. First of all, we shall introduce several notions to describe the structures of such triangulations.
Let G be a triangulation on a closed surface Based on this fact, Negami [9] has defined a skew vertex in a triangulation G as a vertex v such that N(v) contains at least two Hamilton cycles. It is easy to see that if v is not a skew vertex, then v is flat in any saturated paneled triangulation G ℘ over G and hence if there is no skew vertex in G, then G is uniquely embeddable in F 2 , up to equivalence. Both ends of a contractible edge uv are skew if uv is not panel-contractible in G ℘ .
Let v be a skew vertex in a triangulation G and C a Hamilton cycle in N(v) other than lk(v). Then we can choose two edges 2 and v 4 lie along lk(v) in this cyclic order. In this case, we say that the two 3-cycles vv 1 v 2 and vv 3 v 4 intersect each other transversely at v. Furthermore, they do not bound any 2-cell region on F 2 . In general, a simple closed curve is said to be trivial if it bounds a 2-cell region on the surface and to be essential otherwise. Clearly,
The following three lemmas give us crucial information to determine the triangulations which underlie panel-irreducible triangulations.
Lemma 4. Let G ℘ be a panel-irreducible triangulation on a closed surface
Proof. Suppose that C does not bound any face, that is, the 2-cell region D 2 bounded by C contains at least one vertex of G ℘ inside. Furthermore, we may assume that C is innermost among those 3-cycles. That is, any 3-cycle lying inside D 2 bounds a face.
Let v be any vertex inside D 2 . It is easy to see that any vertex w inside D 2 is flat since we cannot construct the nonplanar structure given as W (w) with two edges under this situation. Thus, any edge incident to such a vertex is not contractible and is contained in three 3-cycles, which will lie inside D 2 and one of which does not bound any face. This is contrary to C being innermost. Thus, D 2 contains no vertex inside and is a face of G ℘ . Proof. First suppose that uv is not contractible. Then it is contained in a 3-cycle C other than the two 3-cycles bounding faces incident to uv. By Lemma 4, C must be essential. Now suppose that uv is contractible and let lk(u) = vu 1 . . . u m and lk(v) = uv 1 · · · v n be the links of u and v in G ℘ with p = u 1 = v 1 and q = u m = v n . Then u 1 , . . . , u m and v 1 , . . . , v n are all distinct except u 1 =v 1 and u m =v n since uv is not contained in any 3-cycle other than uvp and uvq, and both u and v are skew since uv is not panel-contractible. This implies that there are four edges u i u j , u k u h for some i < k < j < h and v a v b , v s v t for some a < s < b < t, as shown before Lemma 4. Thus, it suffices to show that u i = v a = p and
Lemma 5. Let G ℘ be a panel-irreducible triangulation on the torus and uv any edge of G ℘ . Then either the edge uv is contained in an essential
First, cut open the torus into a rectangle along vv a v b and vv s v t . Then lk(v) splits into four corners of the rectangle. In particular, suppose that the segment v t · · · v n uv 1 · · · v a containing u is placed at the left-bottom. This segment corresponds to the path qup in Fig. 2 . It is easy to see that adding W (u)+{u i u j , u k u h } to the rectangle forces the equalities u i = v a = p and u h = v t = q, and we obtain Fig. 2. A triangulation G on a closed surface F 2 is said to be irreducible if it has no contractible edge. The proof below is basically the same as Lawrencenko [5] has done for irreducible triangulations. T1  T2  T3  T4  T5  T6  T7   T8  T9  T10  T11  T12  T13  T14   T15  T16  T17  T18  T19  T20 Choose one among those 3-cycles to minimize |i − j |, say vv p v q , and consider any edge vv r with p < r < q. Then there is a 3-cycle vv r v s for some s. By the minimality of |p − q|, we have either p < r < q < s or s < p < r < q. This implies that vv p v q and vv r v s intersect transversely at v and both of them must be essential.
By the definition of panel-contractibility, any saturated paneled triangulation over an irreducible triangulation is panel-irreducible. In fact, Lawrencenko [5] has already proved that there exist exactly 21 irreducible triangulations on the torus, up to isomorphism, as shown in Fig. 3 . Thus, a half of our task in this section has been done and it remains to determine the list of those triangulations that underlie panel-irreducible triangulations but that are not irreducible.
The following theorem is the remaining half of our task in this section.
Theorem 7.
There exist exactly 13 triangulations on the torus, up to isomorphism, which underlie panel-irreducible triangulations on the torus and which are not irreducible, as shown in Fig. 4 .
Proof. Let G be any triangulation underlying a panel-irreducible triangulation G ℘ on the torus and suppose that G is not irreducible. Then G has a contractible edge uv and contains the partial structure given in Fig. 2 We shall recognize the remaining part to list up the triangulations P1-P13. To do this, we should take the following facts into account. They are concluded from Lemmas 4 and 6, respectively.
• Every trivial 3-cycle bounds a face.
• Every trivial 4-cycle a 1 a 2 a 3 a 4 bounds either a quadrilateral which is divided by one diagonal, or one which contains only one vertex of degree 4 adjacent to its all corners. In the latter case, there are two edges a 1 a 3 and a 2 a 4 outside the quadrilateral. It is easy to see that we obtain only P1, up to isomorphism. Now we suppose that there is a vertex w not belonging to S ∪ {u, v}. We shall consider the following cases, depending on where w lies. Case 2. The vertex w lies on C: Then w is contained in one of the segments of C−S and there are two subcases, up to symmetry; (a) it lies between p and u k or (b) between u k and u j . In Case (a), one of the two essential 3-cycles intersecting transversely at w, which exist by Lemma 6, must be wuq and the other is either wu k v b or wu k p. Fig. 6 presents these two possibilities. We can conclude that the segments pw, u k u j and u j q on C in each figure must be edges by Lemmas 4 and 6.
In the left of Fig. 6 , the segments qv b , v s v b and pv s contain no vertex except their ends, by Lemma 6; if there were such a vertex, we could find two essential 3-cycles intersecting transversely at it, but it is impossible under this situation. Then there are three quadrilaterals qv s v b u k , u k v b pu j and u j pv s q and each of them does not contain any vertex by Lemma 6. They are divided by diagonals. In particular, qv s v b u k must contain the diagonal v s u k since adding qv b yields multiple edges. Thus, we have the four possibilities X 1 , X 2 , X 3 and X 4 , as given in Fig. 7 .
Clearly, X 1 and X 2 are isomorphic to P3 and P2, respectively. On the other hand, both X 3 and X 4 are isomorphic to none of P1-P13. To exclude them, we need more detailed arguments. We shall postpone it to the end of this proof.
In the right of Fig. 6 , the segments qv b , pv s and v s v b might contain vertices other than their ends. Before dealing with these cases, we assume that they are just edges. In this case, each of the quadrilaterals qwpv b and qv s pu j contains only diagonals by Lemma 6, while the diagonals qv b and v s p are forbidden in the pentagon qv s v b pu k to exclude multiple edges. Up to symmetry, we may have two possibilities, shown in Fig. 8 .
To exclude the previous case, more diagonals are forbidden in the pentagon, as indicated by dashed lines. This implies that the pentagon contains another vertex w . The two essential 3-cycles intersecting transversely at w must be w pv s and w qv b and we obtain three possibilities, as given in Fig. 9 . Clearly, Y 1 and Y 2 are isomorphic to P11 and P12, respectively. On the other hand, it is not difficult to see that Y 3 is isomorphic to P11.
Consider the case when at least one of the edges qv b , pv s and v s v b is subdivided by inner vertices. We may neglect the case of pv s , up to symmetry, and obtain the two pictures shown in Fig. 10 , considering the two essential 3-cycles passing through each vertex subdividing qv b and v s v b . In this case, every segment in the figure must be an edge. However, it is easy to see that the right one has the same structure as the left one, moving the two triangles incident to v b to the left side.
Adding diagonals in the three quadrilaterals, we obtain the four triangulations given in Fig. 11 . Clearly, the three except the first are isomorphic to P8, P9 and P10, respectively. It is not difficult to see that the first one is also isomorphic to P9. There are 2 × 2 = 4 ways to put diagonals in the two quadrilaterals, but two of them yield triangulations which have the same structure as in Case (a). Thus, we have only two in this case, given in Fig. 13 . Clearly, the left one is isomorphic to P4 while the right one is isomorphic to X 3 in Fig. 7 , which will be excluded later.
Case 3. The cycle C contains no vertex other than ones in S and w lies inside the quadrilaterals pv b qu k or qv s pu j : We may assume the former, up to symmetry. Then the two Choosing two out of those 3-cycles so that they intersect transversely at w, we obtain 12 pictures in Fig. 16 . In particular, each of Z 2 , Z 3 , Z 5 , Z 6 , Z 8 , Z 10 , Z 11 and Z 12 has two quadrilaterals with diagonals drawn by shorter lines. They are added not so as to create multiple edges and to exclude the previous cases. Then Z 2 , Z 6 and Z 10 are isomorphic to P7, P5 and P6, respectively while Z 3 , Z 5 and Z 8 Z 11 Z 12 are excluded by the reason mentioned later. Now consider Z 1 , Z 4 , Z 7 and Z 9 , each of which has a pentagonal region. If such a pentagon contains no vertex and is divided by diagonals, then each of Z 1 and Z 4 is isomorphic to Z 2 , and each of Z 7 and Z 9 is isomorphic to Z 6 . Thus, we may assume that each pentagon contains another vertex and obtain three triangulations Z, Z and Z given in 17 , where Z comes from Z 1 and Z 4 , and both Z and Z from Z 7 and Z 9 . However, we can confirm that Z, Z and Z is isomorphic to P8, P10, P9, respectively, comparing their degree sequences.
Now we have P1-P13, X 3 , X 4 , Z 3 , Z 5 and Z 8 . It is tedious but not difficult to see that they are not isomorphic to one another not only as triangulations but also as graphs. Recall that they are just those triangulations that have the partial structure given in Fig. 2 and such that each vertex lies on two essential 3-cycles intersecting transversely. To exclude the five exceptions, that is, to show that they do not underlie panel-irreducible triangulations, we need more detailed arguments as follows.
Suppose that G ℘ is a panel-irreducible triangulation over G with panels ℘, as well as we have done, and consider its re-embedding f : G ℘ → T 2 on the torus T 2 . It is clear that f (G ℘ ) with panels induced by ℘ is panel-irreducible. This implies that f (G ℘ ) is isomorphic to one of the triangulations listed above. Since the list contains no isomorphic pair, the underlying triangulation of f (G ℘ ) coincides with G. Thus, any embedding f : G ℘ → T 2 can be identified as an automorphism of G.
Investigating all automorphisms of X 3 , X 4 , Z 3 , Z 5 and Z 8 , we obtain their panel structures as shown in Fig. 18 . In particular, all faces of X 3 and of Z 3 are paneled in their panel structures, which are omitted in Fig. 18 .
Panel-irreducible triangulations G ℘ over them might have more panels. However, each of these panel structures contains a flat vertex and hence that of G ℘ does. This is contrary to G ℘ being panel-irreducible. Therefore, these five exceptions do not underlie any panelirreducible triangulations. On the other hand, our proof of Theorem 2 in the next section shows that P1-P13 actually underlie panel-irreducible triangulations. Thus, the theorem follows.
Consequently, there exist precisely 34 triangulations on the torus, up to isomorphism, which underlie the panel-irreducible triangulations.
Proof of Theorem 2
In this section, we shall prove Theorem 2. However, we shall show only a sketch of the proof since we need a lot of tedious routines to do it.
By Theorem 3, the panel structure of any triangulation on the torus can be presented by a panel-irreducible triangulations on the torus and the number of inequivalent embeddings of the former coincides with that of the latter. Therefore, it suffices to determine the list of panelirreducible triangulations on the torus and count up their inequivalent embeddings. Since we have already listed up all triangulations which underlie panel-irreducible triangulations on the torus, we should classify the sets of panels to make those triangulations saturated Table 1  Numbers of inequivalent embeddings   T1  120  T8  6  T15  1  P1  8  P8  2  T2  12  T9  2  T16  2  P2  2  P9  2  T3  2  T10  2  T17  2  P3  2  P10  2  T4  12  T11  1  T18  2  P4  4  P11  2  T5  12  T12  4  T19  2  P5  2  P12  2  T6  1  T13  2  T20  6  P6  4  P13  2  T7  12  T14  1  T21  6  P7  2 paneled triangulations. The classification proceeds as follows:
Step 1. Determine all automorphisms of T1, . . . , T21 and P1, . . . , P13.
Step 2. Generate their re-embeddings using those automorphisms and omit ones that are equivalent to others already generated. Then we obtain the complete list of their inequivalent embeddings.
Step 3. Identify their panel structures.
Step 4. Fit extra panels to each of them until a saturated paneled triangulation is obtained and enumerate its inequivalent embeddings.
Step 5. Repeat the above operation until a full-paneled triangulation is obtained.
Let G be one of T1, . . . , T21 and P1, . . . , P13 and consider any saturated paneled triangulation G ℘ over G with panels ℘. Let f : G ℘ → T 2 be any embedding of G ℘ on the torus T 2 and ℘ the set of faces corresponding to panels in ℘. Then the paneled triangulation f (G) ℘ also is panel-irreducible since a vertex f (v) is not flat in f (G) ℘ for any non-flat vertex v in G ℘ . Thus, f (G) must be isomorphic to one of T1, . . . , T21 and P1, . . . , P13 as triangulations. Since this list contains no isomorphic pair, f (G) is isomorphic to G itself and hence f induces an automorphism of G. Therefore, it suffices to consider the embeddings of G which can be derived from its automorphisms.
Fortunately, the complements of T1, . . . , T21 and P1, . . . , P13 has simple structures and it is easy to identify their all automorphisms. Thus, we can carry out Steps 1 and 2 without much effort and obtain Table 1 , which presents the numbers of their inequivalent embeddings. Note that Lawrencenko [6] (also [4] ) has already done for T1, . . . , T21.
Precisely speaking, we have counted only embeddings which are congruent to the original, up to equivalence. There might be other embeddings of P1, . . . , P13 which do not appear in Fig. 4 and we need further arguments to deny the existence of such embeddings. However, those extras may be neglected for our purpose, as mentioned in the previous.
It is clear that the set ℘ of panels of any saturated paneled triangulation G ℘ over a triangulation G contains all panels in ℘ (G), which is determined only by G itself without any additional condition. We identify ℘ (G) in Step 3. To do this, label vertices of G in Figs. 3 and 4 suitably and write down all the inequivalent embeddings of G as pictures re-labeled so as to indicate the corresponding automorphisms. Then investigate which facial cycles in the original embedding are mapped to facial cycles in all other pictures.
In this manner, we have determined the panel structures of T1, . . . , T21 and P1, . . . , P13. The results are described in Table 2 and Figs. 19 and 20. Note that there exist several triangulations which have no panels or whose faces are all panels. We shall call the former Table 2  Numbers of panels   T1  free  T8  free  T15  full  P1  4  P8  12  T2  free  T9  10  T16  10  P2  10  P9  12  T3  8  T10  10  T17  10  P3  10  P10  12  T4  1  T11  full  T18  10  P4  6  P11  12  T5  free  T12  6  T19  12  P5  10  P12  12  T6  full  T13  10  T20  free  P6  6  P13  12  T7  free  T14  full  T21  free  P7  10   T3  T4  T9  T10   T12  T13  T16  T17 T18 T19 panel-free and the latter full-paneled. Of course, a full-paneled triangulation has only one embedding, up to equivalence. In Table 2 , "free" stands for "panel-free" and "full" for "full-paneled" for convenience. In As we have seen in Table 1 , T12 has four inequivalent embeddings, which are presented in Fig. 21 . Listing up all facial cycles in the four labeled triangulations A, B, C, and D in Fig. 21 , we obtain Table 3 , where * means that the embedding has this face. The panels in ℘ 0 are the ones with * in all columns and we have ℘ 0 = {125, 134, 258, 347, 679, 689}. This panel structure (T12, ℘ 0 ) is depicted in Fig. 22 , which is the same as we have seen in Fig. 19 . Now we shall fit extra panels in the panel structure of T12 to make other saturated paneled triangulations G ℘ over T12. For example, let us fit a panel in the face 239. The embeddings Table 3 . However, the paneled triangulation with panels ℘ 0 ∪{239} is not saturated since the 3-cycle 456 also bounds a face in all of the embeddings A, B and D. Since they have no more common faces, the paneled triangulation with panels ℘ 1 = ℘ 0 ∪ {239, 456} is saturated and G ℘ 1 has three inequivalent embeddings. The panel structure of this saturated paneled triangulation G ℘ 1 is depicted in the left of Fig. 23 , where the number in parenthesis indicates the number of its inequivalent embeddings.
Similarly, also when we add one of 236, 246, 359, 456 and 459 to ℘ 0 , we will get a saturated paneled triangulation isomorphic to G ℘ 1 . So we may neglect those in the following process. On the other hand, if we fit a panel in the face 124, the embedding B is excluded since 124 does not have * in Column B in Table 3 , and two embeddings A and D have more common faces; namely 135, 236 and 459. Thus, the paneled triangulation with panels ℘ 2 = ℘ 1 ∪ {124, 135, 236, 459}, depicted in the right of Fig. 23 , is saturated and has two inequivalent embeddings. Similarly, when we fit a panel in one of 135, 289, 367, 479 and 568, we will obtain a saturated paneled triangulation isomorphic to G ℘ 2 .
Furthermore, we obtain the full-paneled triangulations when we fit one of non-paneled faces in the right of Fig. 23 . Since we have covered all cases of which faces we choose as additional panels to ℘ 0 , ℘ 1 and ℘ 2 , we can conclude that there are precisely four saturated paneled triangulations over T12, up to isomorphism; G ℘ 0 , G ℘ 1 , G ℘ 2 and the full-paneled one. Since the three except the full-paneled one have no flat vertex, they are panel-irreducible.
Carrying out the same process for each of T1, . . . , T21 and P1, . . . , P13, we obtained the panel-irreducible triangulations presented in Tables 2 and 4 and in Figs. 24, 25 and 26. These figures do not contain the panel-free and full-paneled one. We should refer to Table 2 for the panel-free panel-irreducible triangulations. The full-paneled one should be regarded as one that one of T1, . . . , T21 underlie; otherwise, it would not be panel-irreducible since every vertex is flat. Table 2 are included in this list. Of course, the full-paneled one has 1 embedding, up to equivalence. Add this "1" to the list. 
